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ROUGH BILINEAR SINGULAR INTEGRALS 


LOUKAS GRAFAKOS, DANQING HE, PETR HONZIK 


Abstract. We study the rough bilinear singular integral, introduced 
by Coifman and Meyer Q, 

7h(/,^)W=P-v. / [ \{y,z)\^^"Q.i{y,z)/\iy,z)\)f{x-y)g{x-z)dydz, 
JR" Jm" 

when is a function in L"? (S^"^ *) with vanishing integral and 2<q<oo, 
When q — we obtain boundedness for 7h from LP*(R") x 
to L'’(R") when 1 < pi,p 2 < °° and l/p — 1/pi + 1/P2- For q = 2 
we obtain that Tq is bounded from x to L'(IR"). Eor q 

between 2 and infinity we obtain the analogous boundedness on a set of 
indices around the point (1/2,1/2,1). To obtain our results we introduce 
a new bilinear technique based on tensor-type wavelet decompositions. 
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1. Introduction 

Singular integral theory was initiated in the seminal work of Calderon 
and Zygmund [ill. The study of boundedness of rough singular integrals 
of eonvolution type has been an aetive area of researeh sinee the middle of 
the twentieth eentury. Calderon and Zygmund O first studied the rough 


The first author was supported by the Simons Foundation. The third author was sup¬ 
ported by the ERC CZ grant ELI203 of the Czech Ministry of Education. 

2010 Mathematics Classification Number 42B20, 42B99. 

1 








2 


LOUKAS GRAFAKOS, DANQING HE, PETR HONZfK 


singular integral 

La{f){x) =p.v. f 

JR" \yr 

where Q is in LlogL(S"^^) with mean value zero and showed that Lq is 
bounded on L^(R") for 1 < p < oo. The same eonelusion under the less 
restrietive eondition that Q lies in was obtained by Coifman and 

Weiss I® and Connett Q. The weak type (1,1) boundedness of Lq when 
n = 2 was established by Christ and Rubio de Franeia I® and independently 
by Hofmann IITtII . (In unpublished work, Christ and Rubio de Franeia ex¬ 
tended this result to all dimensions n <1.) The weak type (1,1) property 
of Lfi was proved by Seeger [|25ll in all dimensions and was later extended 
by Tao [f27ll to situations in whieh there is no Fourier transform strueture. 
Several questions remain eoneeming the endpoint behavior of sueh as if 
the eondition Q. G LlogL(S”“^) ean be relaxed to G //^(§"“^), or merely 
Q.EL^ (S"“^) when Q. is an odd funetion. On the former there is a partial 
result of Stefanov ll26l but not mueh is still known about the latter. 

The bilinear eounterpart of the rough singular integral linear theory is 
notably more intrieate. To fix notation, we fix 1 < ^ < oo and we let Q. 
in L^(§^"“^) with /§2n-i O.do = 0, where is the unit sphere in E?". 
Coifman and Meyer Q introdueed the bilinear singular integral operator 
assoeiated with O by 

(1) Ta{f,g){x) =p.\. [ [ K{x-y,x-z)f{y)g{z)dydz, 

Jr" Jr" 

where /,g are funetions in the Sehwartz elass iS(M”), 

= £!((>, 

and x' = x/\x\ for x G General faets about bilinear operators ean 

be found in Chapter 13], [[Ml Chapter 7], and If Q. possesses 
some smoothness, i.e. if is a funetion of bounded variation on the eir- 
ele, Coifman and Meyer [|7l Theorem I] showed that Tq_ is bounded from 
LP^ (R) X LP^{R) to LP{R) when 1 < pi,P2,p <°° and l/p= l/pi + l/p 2 - 
In higher dimensions, it was shown Grafakos and Torres IITbl . via a bilinear 
Tl eondition, that if a Lipsehitz funetion on then is bounded 

from LP^{R") x LP^(R") to LP(R") when 1 < p\,P2 < 1/2 < p < °°, 

and l/p = \/pi + \/p2. But if Q. is rough, the situation is signifieantly 
more eomplieated, and the boundedness of Tq, remained unresolved until 
this work, exeept when in situations when it reduees to the uniform bound¬ 
edness of bilinear Hilbert transforms. If Q. is merely integrable funetion on 
but is odd, the operator is intimately eonneeted with the eelebrated 
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(directional) bilinear Hilbert transform 

/■+°° dt 

'Hei,02(/l,/2)W = / fi{x-tdi)f2{x-td2) — 

J —oo I 

(in the direction (0i, 62)), via the relationship 


7 b(/i,/ 2 )W = i [ ^^(0I,02)^e„02(/l,/2)Wrf(0I,02). 

The boundedness of "Hej ,0, was proved by Lacey and Thiele IfT^ , [|^ while 
the more relevant, for this problem, uniform in 0i, O2 boundedness of 
was addressed by Thiele If 28 ll . Grafakos and Li IfTSl . and Li [| 2 n . Exploit¬ 
ing the uniform boundedness of Diestel, Grafakos, Honzik, Si, and 

Terwilleger ifTTI showed that if n = 2 and the even part of Q. lies in (S^), 
then Tfi is bounded fromL^' (M) x LP^{M) to LP{M) when 1 < pi,p2,p < °°, 
l/p=l/pi + l/p2, and the triple (1/pi, l/p2,1//’) the open hexagon 
described by the conditions: 


1 

Pi 


1 

P 2 


^ 2 ’ 


1 

Pi 


^ 2 ’ 


1 

P 2 



This is exactly the region in which the uniform boundedness of the bilinear 
Hilbert transforms is currently known. It is noteworthy to point out the 
reduces itself to a bilinear Hilbert transform "Hej 02> if ^ is the sum of the 
pointmasses d(^eue2) + ^-(61,62) 

In this work we provide a proof of the boundedness of on LP for 
all indices with p > 1/2 and for all dimensions. This breakthrough is a 
consequence of the novel technical ingredients we employ in this context. 
We build on the work of Duoandikoetxea and Rubio de Francia [fTSlI but our 
key idea is to decompose the multiplier in terms of a tensor-type compactly- 
supported wavelet decomposition and to use combinatorial arguments to 
group the different pieces together, exploiting orthogonality. 

The main result of this paper is the following theorem. 


Theorem 1. For all n > I, if Q. G L°°(§^" ^), then for Tq_ defined in ([T]), we 
have 


(2) l|2b||L/’i(E«)xL^’2(Rn)^Z2’(R«) < °° 

whenever 1 < pi, P2 < °° ttnd p = 1 /pi-\-l/P2- 

In the remaining sections we focus on the proof of this result while in the 
last section we focus on extensions to the case where lies in 
for q <00. 

Some remarks about our notation in this paper: For 1 < ^ < 00 we set 
q' = q/{q—\) and for q = 00,'we set 00' = 1 . We denote the the norm of a 
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bounded bilinear operator T from X x 7 to Z by 

||7’||jfxy^z= sup sup ||r(/,^)||z. 

Il/k<l||g||r<l 

This notation was already used in (O. If xi,X 2 are in M”, then we denote the 
point {xi,X 2 ) in by x. We denote the set of positive integers by M and 
we set No = NU {0}. In the sequel, multiindices in 7?" are elements of Nq”. 
Finally, we adhere to the standard convention to denote by C a constant that 
depends only on inessential parameters of the problem. 

2. Estimates of Fourier Transforms of the Kernees 

Let us fix a satisfying 1 < ^ < oo and a function Q. E with 

mean value zero. We fix a smooth function a in M+ such that a{t) = I for 
t E (0,1], 0 < a{t) < 1 for I G (1,2) and a{t) = 0 for t > 2. For (y,z) G 
and j e 7 we introduce the function 

We write /3 = j8o and we note that this is a function supported in [1/2,2]. 
We denote Aj the Littlewood-Paley operator Ajf = J^^^(/3y/). Here and 
throughout this paper ^ denotes the inverse Fourier transform, which is 
defined via = g(—x), where g is the Fourier 

transform of g. We decompose the kernel K as follows: we denote = PjK 
and we set Kj = for z, j E Z. Then we write 

oo 

K= Y. 

j=-oc 

where 

oo 

Kj= L 4 

i=—oo 

We also denote nij = Kj. 

Then the operator can be written as 

Tsi{f,g){x) = Y,l [ Kj{x-y,x-z)fiy)giz)dydz-.Y,Tjif,g)ix). 

j JR" j 

We have the following lemma whose proof is known (see for instance 
ifT^ l and is omitted. 

Lemma 2. Given Q. E 0 < 5 < l/q' and | = {^ 1 ,^ 2 ) £ we 

have we have 
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and for all multiindices (X in with a we have 

|a“x5(|)|<c„||ft||„min(l,||r»). 

The following proposition is a consequence of the preceding lemma. 

Proposition 3. Let 1 < pi,P 2 < °° tind define p via Ijp = I/p\ + 1/P 2 - 
Let Q e l<( 2 '<oo, 0<5< 1/q', and for 7 G Z consider the 

bilinear operator 

Tj{f,g){x)^ [ Kj{x-y,x-z)f{y)g{z)dydz. 

7e2« 

If both pi,P 2 > 1, then Tj is bounded from LPfiM.") x LP^(M") to L^(R") 
with norm at most if j ^0 and at most C ||n||i? 

if j <0. If at least one of pi and p 2 is equal to 1, then Tj maps LP^ (R”) x 
pP 2 tQ with a similar norm. 

Proof. We prove the assertion by showing that the multiplier Oj = Kj as¬ 
sociated with Tj satisfies the conditions of the Coifman-Meyer multiplier 
theorem which was extended to the case p < 1 by Kenig and Stein IfT^ 
and by Grafakos and Torres IfTbll . To be able to use this theorem, we need 
to show that C/ is a C°° function on R^”\{0}) that satisfies 

ia“<Tj(l)i<ce(j)iiQiuilr'"| 

for all multiindices a in Z^" with |a| <2n and all f G R^" \ { 0 }> where 
Q{j) = if j >0 and Q{j) = if j < 0. Then we may use 

Theorem 7.5.3 in [fT4ll to deduce the claimed boundedness. It is not hard to 
verify that 

CX3 

(3) E i3(2'-.'|||)J5(2'|) 

i =—00 

If |(^ I 2 ^, then since /3 is supported in [1/2,2], 2' must be comparable to 
2^^^ in (|3]). Using Lemma|2]we have the estimate 

kXl)l < E I^P‘1)l SC||n|k.E™'’{2‘'l?I.Pi?l)^''UG|n|k./0). 

ieF ieF 

where F is a finite set of z’s near j — I and I{ j) = 2 ^l-^l^ if j >0 whereas 
I{j)=2-\J\ if 7 < 0. For an octh derivative of Oj with 1 < |a| < 2n, using 

that )| < Ca we obtain 

^|a«(:^(2'|)4>(2'|))| < ||f2||w^C«2'l«l(2'||r^ 
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and this is at most C||Q||l? 2(^" if j > 0 and at most C ||Q||l 9 2 

if j < 0, since 5 G (0,1/^'). □ 

The operators Tj assoeiated with the multipliers Kj are bounded with 
bounds that grow in j sinee the smoothness of the symbol is getting worse 
with j. We eertainly have that 

WKjU- < 

but there is no good estimate available for the derivatives of Kj, and more¬ 
over, a good L°° estimate for the multiplier does not suffiee to yield bound¬ 
edness in the bilinear setting. The key argument of this artiele is to eireum- 
vent this obstaele and prove that the norms of the operators Tj indeed deeay 
exponentially. Our proof is new in this eontext and is based on a suitable 
wavelet expansion eombined with eombinatorial arguments. 

3. Boundedness: a good point 

In this seetion we prove the following result whieh is a speeial ease of 
Theorem [1} 

Theorem 4. Suppose Q E with 2<q<oa, then for f,g in L^(R") 

we have 

I|2n(/5,?)||L1(R") — ^ll^llwll/llL2(R«)lkllL2(R")- 

In view of Proposition [3l Theorem |4] will be a eonsequenee of the follow¬ 
ing proposition. 

Proposition 5. Given 2< q <oo and 0 < 5 < 1/ {Sq'), then for any j > 0, 
the operator Tj associated with the kernel Kj maps L2(R'') X l2(R") to 
L^(R") with norm at most C\\Q\\u]2^^f 

To obtain the proof of the proposition, we utilize wavelets with eompaet 
support. Their existenee is due to Daubeehies ifTOll and ean also be found in 
Meyer’s book Il22]l . For our purposes we need produet type smooth wavelets 
with eompaet supports; the eonstruetion of sueh objeets ean be found in 
Triebel [|2^ . 

Lemma 6. For any k E N there are real compactly supported functions 
Vm ^ C^(R) such that, ifxf^ is defined by 

'PG(-) ^ 

for G = (Gi,..., G 2 n) in ths set 

X:=|(Gi,...,G2„): G,g{F,M}}, 
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then the family of functions 

- oo 

U GgX\{(F,...,F)}} 

peZ2« L A=0 -I 

forms an orthonormal basis o/L^(M^”), where x= {xi,... ,X 2 n)- 

Proof of Proposition\^ To obtain the estimate, we first decompose the sym¬ 
bol into dyadic pieces, estimate them separately, and then use orthogonality 
arguments to put them back together. Let us take a look at the the symbol 
which we denote mjp. The classical estimates show that 

(4) ||m;,o||L~ = II^IIl- < 0 < 5 < l/q', 

while for 2 < (^ < oo 

(5) ll">;.ollt! = IIA/Wllt^ <C||&«lli 2 <C||QL! <C||n||t.. 

We observe that for the case if Owe have the identity mj^i = Kj = mjfl(2‘-) 
from the homogeneity of the symbol, and thus mj i also lies in L?. 

We utilize a wavelet transform of mj Q. We take the product wavelets 
described above, with compact supports and M vanishing moments, where 
A/ is a large number to be determined later. Here we choose generating 
functions with support diameter approximately 1. The wavelets with the 
same dilation factor 2^ have some bounded overlap N independent of A. 
Since the inverse Fourier transform of mjp is essentially supported in the 
dyadic annulus of radius 1, the symbol is smooth and the wavelet transform 
has a nice decay. Precisely with 

we have the following result: 

Lemma 7. Using the preceding notation, for any y G Z and A G Nq we have 

(6) K'Pj’^,m,-o)| 

where M is the number of vanishing moments of Ym tmd 5 is as in dH). 

Proof Let A > 0 and G G X \ {(F,... ,F)}. We apply the smoothness- 

cancellation estimate in Appendix B.2 of [[T4l with 'P being the function 
X G 

, L = M + I, and $ being the function mjp. Then we have the proper¬ 
ties 

(i) /R 2 «'P^’‘^(x)T^(iT = 0 for |/3| < L-1, 





8 


LOUKAS GRAFAKOS, DANQING HE, PETR HONZfK 


(iii) For \ a\=L, \d'^{mjfi){x) \ < • To verify this property we 

’ (1+2 •' + |j ^ 

notiee that sinee /3o is a Schwartz function, we have 


y<« 


<C||f2| 


y<a (1+2-^1 a|+2 

2-JS 


L‘1 


(1 + 2-^'|3c|+2’ 


where we used Lemma[2l i.e. the property that \d^K^{x) \ < C||ft|| L9 |T I ° 
for all multiindices a. 

Thus has cancellation and myo has appropriate smoothness and so 
it follows that 




2—f52A)i2~A(L+2?! 


thus dH) holds. Notice that the constant C is independent of /i. 

Next we consider the case A = 0 and G = (F,... ,F). In this case we 

have and |m;,o(T)| < Using the result 

in Appendix B1 in [fl^ we deduce that 




<C||f2||w2-^'^ 


and thus ® follows in this case as well. 


□ 


The wavelets sharing the same generation index may be organized into 
Cn,M,N groups SO that members of the same group have disjoint supports 
and are of the same product type, i.e., they have the same index G G X. 
For 1 < K < Cn.M,N we denote by ^ one of these groups consisting of 
wavelets whose supports have diameters about 2^^. We now have that the 
wavelet expansion 

’^j,o= Y, H 

A>0 

1 <k<C„^m,n 

and (o all have disjoint supports within the group For the sequence 
a = {aco} we get \\a\\g 2 < C, in view of dS]), because (tt)} is an orthonormal 
basis. Since the CO are continuous functions and and bounded by 2^", if we 
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set b(o = ||aa)®||L~, we have 

Clearly we also have 

(7) < IIU»}»6Z>,.JIr2"* < C||Q|k,2-V-(«+i)L 

Now, we split the group ^ into three parts. Reeall the fixed integer j in 
the statement of Proposition [51 We define sets 

^1,V= supp( 0 C{(^i,<^ 2 ): < |<^ 2 | < 

D\,k = supp(on{(^i,<^2) : 2"-'|<^i| > |<^2|}^0}, 

and 

^i,v= supp(on{(^i,<^2) : 2”^|<^2| > |<^i|}^0}. 

These groups are disjoint for large j. Notiee that ^ n ^ = 0 is ob¬ 
vious. For ^ and ^ the worst ease is A = 0 when we have balls of 
radius 1 eentered at integers, and ^ fiD^ ^ = 0 if y is suffieiently large, 
for instanee j > lOOy^i works, sinee if a® ^ 0, then co is supported in an 
annulus eentered at the origin of size about 2T We are assuming here that 
j > l00^/n but notiee that for j < l00^/n, Proposition |5] is an easy eonse- 
quenee of Proposition [3l 
We denote, for i = 1,2,3, 

"*},o = E E ^(oCO, 

X,KcoeD\^ 

and define 

oo 

m)= E ^),k 

k=—ix> 

withml^((^ ) = mlQ(2*(^ ). We prove boundedness for eaehpieeemj,my,my. 
We eall m] the diagonal part of m,- and m^,m^ the off-diagonal parts of 


4. The diagonal part 

We first deal with the first group Eaeh (O E Z)| ^ is of tensor prod- 
uet type co = cOiCOz, therefore, we may index the sequenees by two indiees 
kjE Z” aceording to the first and seeond variables. Thus (O^j = (Oi kCOzj. 
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Likewise, we index the sequence b = Now for r > 0 we define 

sets 

U, = {(*,/) € I?" : l-'-'WbWe. < |fc,y)| < 2-n|6||^}. 

From the norm of b, we find that the cardinality of this set is at most 

Indeed, we have 

{,k,l)eUr 

We split each Ur = U} U U} U U^, where 

u} = {{k,l) G Ur : card{5 : {k,s) e t/J > 
t/2 = {(yt,/) G Ur\Ul : card{5 : ( 5 ,/) G Ur\U}] > 2('-+5^'+^^)/4}. 
and the third set is the remainder. These three sets are disjoint. We notice 
that if the index k satisfies card{5 : (k, 5 ) G Ur} > then the 

pair (k, 1) lies in U} for all I G Z" such that (k, /) G Ur- 
We observe that in the first set U}, we have 

(8) Ni := card{k : there is I s.t. (k, 1) eUl}< c^^2(2«-"/4)^+t-V, 

\Mi- 

since < C\\Q.\\yi^’^^2^^\\b\\j}. We now write 

= E «(W)®l,fe®2,/ 


f1 


and estimate the norm of m ■’ as a bilinear multiplier as follows: 


\T^r,i{f,g)\\i^y< £ «(fc,Z)‘^ n®2,Z^; 


Li 


u 


<Y^\\0^l,k?\\L'^ E ‘^{k,l)Oh,lg 

keE {k,l)eu} 

For fixed k, by the choice of the supports of co^j = coi kCOz,! are 
disjoint, in particular, the supports of tt) 2 ,z are disjoint. Since ~ 

we have the estimate 


E ^(kd)^,l 

{k,l)eu} 


<C 


E \b^t.l)\2-’-lhE, <C\\b\\r2-'-2->-"^\ 

{k,l)^U} 


where Ei c M" is the support of 6 ) 2 ,z- As a result. 


E ^(kd)0>l,lg 

{k,l)eU} 


U 


<C\\b\U^2-’-2-^-/%\\,2. 


Now let £■ = {k : 3 / s.t. {k, 1) G U}} and note that \E\ = Ni. 
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Notice that the (Ok.i in U} have the following property. If {k,l) ^ {k',1'), 
then the supports of (Oi^k nnd ( 0 i ^ are disjoint. Since the (Oi^k satisfy 
II tOi^ytllz.” ~ and have disjoint supports, we have 

keE 

keE keE 

where we used dS]) and dV]). This gives sufficient deeay in j, r and A if 
M> I6n. The set is handled the same way. 

To estimate the set U^, we further deeompose it into at most 
disjoint sets Vs, sueh that if {k,l),{k',1') G Vs then {k,l) ^ [k',1') implies 
k^k' and I ^ I'. Indeed, by the definition of U^, for eaeh {k,l) in it with 
k fixed there exist at most N 2 pairs {k,l') in with N 2 = 

Otherwise, it is in U) and therefore a eontradiction. Similarly for eaeh (k, 1) 
in with I fixed we have at most N 2 pairs {k' ,1) in . Therefore we have 
at most N 2 = sets Vs satisfying the claimed property. 

For each of these sets, sinee \aa,\ = for the multiplier 

(k,l)eVs 


we have the following estimate 


iLl 


{k,i)eVs 

<C2-''\\b\\ioo2~^" 

<C2-||Z.||,HI/llL2kllL- 


E II®ia/ 

{k,l)eVs 


|2 

Il2 


E 

{k,l)eVs 




Summing over 5 and using estimate dH) and the fact that = C2''/^||h||^J'^^ 
yields 

< C2<'-+‘*^'+“l/22-ni*lli“ll/lli.2||«lli.2 
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which is also a good decay. We then have 

<- ] J ] 

+c||n||„2i-'-v-«)/2||/||^,|l;;|l^, 

Set fJ = J'^“‘(7z{c,<|5,|<f,2t+i)) and *' = for 

some suitable constants ci, C2 > 0 . In view of the preceding estimate for the 
piece mj „ = Li,icL„ 5 Di Uoto, we have 

<C||S2||„ £ I l2l-“f-“-'-)/“||/.'||^2||i;i^2 

V=1 A>0f>0 

< C||n|k,2-VVS||/r||^,||j,i||^,, 

The first equality was obtained from the support properties of mj q, which 
comes from the observation that nijp {^) 7^ 0 only if |(^ | ^ 2“', and that 
< \^2\ <V\^\\. Now recall that (I) =mjQ( 2 ^|),so 

41 (/f<?)W 

7R2« ■' 

= f mjo(i 7 )/( 2 -‘) 7 ,)f( 2 -*) 72 )F>'“^‘*'<’"+’> 2 ) 2 -“Vi„</i, 2 . 

7r2« 

Denote by fk the function whose Fourier transform is and Ej^k = 

{<^1 e M" : ci2-* < |<^i| < C22>-^}, then 

l|r„.. (/.rtlli, = 2-“"||r„, (A,g,)(2-‘.)||i, 

7^^ Ji^ 

< C||n||„2-‘"2-VVS||/(2-‘.);tj^.J|^,||g(2-‘.)2:£2ollz.2 

Using this estimate and applying the Cauchy-Schwarz inequality we obtain 
for the diagonal part m] = EteZ ^! r the estimate 

J ^ J 

00 

Ii4'(/.*)iit' < I II4-(/.«)iii- 
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< c||n||i,2--*^V8 £ \\f\\i2iEj\s\\mE,t) 

fc=—oo 

<C||Q||„2-W8(£||7||2 )i(£||J||2 U 

k k 

< C||n||„2-"2787/2||/||^,7/2||^||^^ 

= C||n||„72--S27*||/I7,||j||^, 

since Zk=-ooXEj^t < J- This completes the decay of the first piece m j. 
5. The off-diagonal parts 


We now estimate the off-diagonal parts of the operator, namely and 
To control these two operators, we need the following inequality, 

(9) l|J;.=(/.*)+J;,;(/,«)llz,. <C||n|k„2-2«||/|7,||g|7,. 

which will be discussed in Lemma [8l 

Now we show that the right hand side of dH) is finite. Let us select a 
group ^ for some K. For tt) G ^ we have the estimate ||^a)||L“ < 

. We further divide the group ^ into columns 
such that all wavelets in a given column have the form ft) = CQi with the 
same (Oj, where a = (/i^+i,.. • ,/i 2 n) ^ 2"- Notice that co G Z)^ implies 
that I ^ 21 < 2, and each (O^ is supported in the cube 

2= [2^^(;U„+l-c),2~^(/X„+l-fc)] X •••X [2'^(^2n-c),2~^(^2«+c)] 

for some c ^ 1. Therefore, we have at most C2"^" choices of (/in+i, • • •, l^in), 
i.e. there exist at most C2'^" different (0| and C2^" different columns. 

For the multiplier related to the column of (O 2 , we then get 




Y,<^a)T(Oi (/)W 

'-©1 




with (0|((^2) = 2'^"/^tt)2(2'^(^2 — < 2 ). Notice that 


C(^)WI = 


2-ln/2 / 


giy) 


< / 

~ JR" (1-|-2^'^|x —y|)^ 

< 2^"/2>t(g)(x). 


dy 
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where M is the Hardy-Littlewood maximal funetion. We define 




Ecoi ^a)Wi(i^i)^2^-i<|^j|<27Ti 

2-jS2-(J^+i+l)^ 


and then we have 






since the supports of (Oi’s are disjoint and are all contained in the an¬ 
nulus {(^1 : 2“'^^ < |i§i| < 2“'+^}. In view of dH) in Lemma |7] we have 
Wco\ < and this combined with ||ft)i||L“ <02"^^^ 

implies that ^ c\\a\\L,x2J-^<\^ j|< 2 ;+i. Therefore for the multiplier 

m = Zx 2 ^"^ La fna,x we have 

\\Tmif)\\L2 < C||f2||L?||/2:2;-i<|^i|<2^'+l 11/^2, 

since for each fixed A there exist at most C 2 ^" indices a. 

We now can control T^ 2 ^{f,g){x) by C2^j‘^M.{g){x)Tm{f){x). Recall 

that mji^{^) = m^Q(2*i^ ), then if fk is the function whose Fourier trans¬ 
form is /( 2 ~*(^i), we have 

|J'„2 (/,g)W|<C2^«2-“"A1(gi)(2-‘i)|r„(/t)(2-‘x)|. 

J-k 

As a result 



< / ( £ \2-^^2-'^’^M{g){x)TMk){2-''x)A''^ 

< C2-i‘^\\M(g)\\J f E |2-‘“r„.(A)(2-‘x)prfxy^' 

V “'IR" ke 5 Z / 

< C||f2||/,92 ■'^11^11/^2^ £ A{22+H<|^j|<22+«:+l}|/(<^l)P(i'^l^ 

< C||n||„2-^«||/||^2||g||^2. 


The estimate for T 3 is similar. Thus the proof of Proposition [5] will be 

J 

finished once we establish (191). The preceding estimate implies that for f,g 
in we have 



a fact that will be useful in the sequel. 
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Lemma 8. There is a constant C such that ® holds for all /, g in (R"). 


Proof. We first show that there exists a polynomial Qi of n variables such 

that 42 (/,g)-eieLi. 

Let Xjf G iS(R") such that >0 with supp^ d {^ : \/2 <\^ \ <2} and 
E7=-oc^(2^^<^) = 1 for 7^0. Set$ = E 5=_2 and define A,t(/) = 

^-i($(2-'-)/)- 

( 'y 

For r = 0,1,2,3,4, define ’ = Y.ke5Z+r^j t show that there 

exists a polynomial such that 


( 11 ) 


TjM,g)-Q)d< 



We prove this assertion only in the case r = 0 as the remaining cases are 
similar. By Corollary 2.2.10 in [fT4ll there is a polynomial such that 







Notice that 

MT (0)if,g))ix) = 

j 


Observe that q((^ ) is supported in the set 

which is a subset of 


{(^ 1 ,^ 2 ): 2 ^'- 2 < 1^1 +^ 2 |< 2 ^'+ 2 }, 

so mlQ{2‘l ) is supported in {(^i, <^ 2 ) : < |<^i + <^ 2 ! < The 

integrand in (fT^ is nonzero only if = j — I, when )m^ q{2^^ ) = 

q( 2^(^ ), otherwise the product is 0. In summary we obtained 

(13) Y. |At(r^,o,(/.g))|"= E IL3.(/.«)I"' 

Le5Z ■' Le5Z 

Now (fTTI) is a consequence of (fT^ and (flSI) . Thus, there exist polyno¬ 
mials 2 i, 22 such that T^iff^g) - Q\J^i{f,g) - Qi e if Given f,g in 

L^(R”), we have already shown that T^\{f,g) lies in . Moreover, we 
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showed in Proposition [3] that Tj{f,g) lies in L^. These facts imply that 
T,n)^f,g) + T^T>{f,g) lies in and therefore Qi+Q 2 = 0. Hence 

\\T,np.g)+T^p.g)\\o < \\Tpf.g)-Qi\\o + \\T,np.g)-Q2\\o 

< c||n||„2--'''||/||t2||«|ii2. 


This completes the proof of Proposition [5l 


□ 

□ 


6. Boundedness everywhere when q = oo 

Proposition 9. Let Q. G 1 < p\,p 2 < °°, 1/p = \/pi + \/p 2 - 

Then for any given 0 < £ < 1 there is a constant Cn,e such that 

\\Tj\\LP\xLP2^LP < 

for all j > 0. 


To prove Proposition |9] we use Theorem 3 of ifT^ and Proposition [51 To 
apply the result in [[T6ll we need to know that the kernel of Tj is of bilinear 
Calderon-Zygmund type with bound A < for any £ G (0,1). 

This is proved in Lemma HO] below. Assuming this lemma, it follows that 


||7;||zT1xLP2^L/’ ^ I|2)Hl2xL2-+lO < C„,eII 

which yields the claim in Proposition |9l 

Recall that a bilinear Calderon-Zygmund kernel is a function L defined 
away from the diagonal in which, for some A > 0, satisfies the size 
estimate 

|L(m,v,w)| < 


and the smoothness estimate 

\L{u, V, w) — L{u'w) I < 

when 


(|m — v|-|-|m — w|-t-|v — w|)^” 
A\u — u'f 


(|m — v|-t-|M — w|-|-|v — 


\u — u'\ < -(|m — v|-t -|m — w|) 

(with analogous conditions in v and w). Such a kernel is associated with the 
bilinear operator 


(/, g) ^ 2I(/, g){u)=p.\. [ [ f{v)g{w)L{u, V, w) dvdw. 

For the theory of such class of operators we refer to llTbl . Thus we need to 
prove the following: 
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Lemma 10. Given Q E and any j E Z, for any 0 < £ < 1 there 

is a constant C„^£ such that 

L{u^ V, w) = Kj{u — v,u — w) = ^ Kj{u — v,u — w) 

ieZ 

is a bilinear Calderon-Zygmund kernel with constant A < 

Proof. We begin by showing that for given x^y E with |jc| > 3|y|/2 we 
have 

( 14 ) Y.\Kj(’‘-y)-Kj(x)\<C,,e\\Sl\\L-j^ 

Assuming (fT4l) . we deduce the smoothness of Kj{u — v,u — w) as follows: 

(a) For u, v, v', w E M." satisfying |v —v'| < ^(|m —v| + \u — w\) we 
obtain 


Kj{u — v,u — w) —Kj{u — v'jU — w)\ 

— H ~ V — w) — Kj{u — V, M — w) I 
ieZ 


^ Cn,e||f2||£'» 


2l7|e|v-v'|^ 

(|m — v| + |m — w|)^"+^ 
2l7|e|v-v'|^ 
(|m — v| + |m — wl + lv — 


since |m —v| + |m —wl + lv —vi’|<2(|m —v| + |m —wl). 

(b) For M, u', V, w e M" satisfying \u — u'\ < ^(|m — v| + |m — w|) we 
takeT = (m — V, M — w) andy = {u — u',u — u') in (fT4l) to deduce the 
claimed smoothness. 

(c) For M, V, w, w' E R" satisfying |w —vv'l < ^(|m —v| + \u — w\) we 
take jc = (m — V, M — w) and y = (0, w' — w). 

We may therefore focus on (fT4l) . This will be a consequence of the fol¬ 
lowing estimate 


(15) 


Kj{x-y)-K‘j{x)\ <C„,e||a||Locmin 



1 

2—(e2niin(y0)£ Ij^pn+e 


when IaI > 3|y|/2. Assuming (fT5l) we prove (fT4l) as follows: We pick an 
integer A 3 such that (logj |y |) + 7 < A 3 < (logj |y |) -b 7 -fl. 

If 7 > 0, then for i such that 2' f < |y|, i.e., i < A 3 , we have 


KA3 KA3 ^ 
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e 

2/7-t-£ 


= Cn 

For j >0 and i > N^, i.e. 2'^-^ > 


= c„.e22(2«+e)||a||i~^ 




/>A^3 

< C„,£22P"+*l||Q||i.|>'lk 


Ij-I 


1 


21-7 2-i£\x\^n+e 

-2n-e2j ^ 

i>Ni 

= C„,e22(2"+£)||f7||i»|3;||^|-2'’-"2^'(2^|3;|)"-i 

= C,,,22(2"+«)||Q||,.^|!!^. 


If j < 0, then for i <N^, 

£ |*r'(x-}-)-XjW|< C„,j22(’-“+'l||Q||t. £ 

i<Ni 


= C„,s2-(2«+')||Q||t. 

< C,,e2"<^+'>||Q|k. 


2-«2^|xp"+£ 

_ V 2'^ 

|y|2n+e ^ 

I I KA3 

2-i^ 


= C„.e22(2"+£)||f7||i.~^ 

If 7 < 0 and i> Nt,, then 


2.n.~\-£ 

e 


{2W 


bl 


i>Ni 


< C„,e22(2«+e)||f7||ioc|3;||Ar''-^2^'(i-") 2'("-i) 

i>A3 


= c„ 


And for j <0 


bl' <2i-'i*b|‘ 


j:|2n+e ijj- 


I vl 2 n-l-£ 


This concludes the proof of (fT4l) assuming (fTSl) . Finally we prove (fT5l) . 
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We have a deereasing estimate of K\x), i.e. for eg (0,1) and i G Z 

|rwi< 

2-2m 


'<J±i<2' 
3-2' - 


(16) 


< 22'^+^||a||i~ 




(l+2-'|a:|)2'^+‘'^2<f<2' 

2-2in 


(l+2-'|;c|)2«+e' 

Then reeall the lemma from Appendix B1 of lfT4l . by defining 'B(x) = 
(i^lj) 2 «+i we have that for t G [0,1] 

2-2in 2^2(!-;> 




< Cn.e2^'^+^m\L- 

< C„,e22(2«+£)||f2||z.< 

< C„,,22(2«+£)||f2||i. 


Rn(l+2 '|z|)2"+e (1+ 2 6 j)\x — ty — z\)^"^^ 


dz 


(1 -('-2))|;C-^j|)2«+e 

2—2in22mm{j,0)n 
(2-i2min(;,0)|_^|)2n+e 
2ie 


2min(_/,0)e|jj-|2n+e ’ 

whieh gives the first part of (fT5l) by taking t = 0 and 1 sinee 

The other part follows from the previous estimate in the following way 

\K^{x-y)-K‘^{x)\ 

K' (z) {J ^-1 (/3/_;) {x-y-z)-T^^ iPi-j) {x -z))dz 


< 


f K‘ 

R2« 

C«.e|j| 

2‘-J Jo 


2-2(,w>.2-(.W)(v(_F-lp))( ^ ‘y 


|V(z)| 




(1+2-^' '|x —ty — z|)2"+i 


dzdt 


Cfi £ -: I 


t\\K^\*^>,^j){x-ty)dt 


< C, 




C 


n,E 


2}~j 2^'£2™*"(h0)e A|2n+e' 
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To prove the size eondition, notiee that by the deereasing estimate (fT^ 
we have 

Y^\K)(y,w)\ < ^1 / K\vi,wi)^i^j{y -vi,w -wi)dvidwi\ 

leZ i 

“ Y^"’‘^(l+Q2-'|(v,w)|)2«+e 
< C„,, ^ 2-2- + c(c,-|(v,w)|)-(2«+e) ^ 22^ 


i>N* 


i<N* 


< C„,e|(v,w)| 


—2n 


where cj = 2™"^®’-^) and N* is the number sueh that 2^* ^ cj \ (v, w) \. Henee 


—V, M —w)| < 


c, 


«,e 


< 


C, 


n.£ 


(|m —v| + |m —w|)2" (|m —v| + |m —w| + |v —w|) 


2n 


□ 


We improve Proposition |9] by giving a neeessary deeay via interpolation. 
Once this is proved, Theorem [T] follows trivially. 

Lemma 11. Let Q G 1 < p\,P 2 < °° tind Ijp = l/p\ + \/p 2 , 

then there exist constants £o > 0 and Cn,eQ such that for all j >0we have 


\Tj\\LPixLP2^LP ^Q.eoll^l 


o2^2eo_ 


Proof. For any triple with Ijp = \/p\ + l/p 2 , we can choose 

^ ^ and P 2 = {-^ ^ ^ 


two triples Pi = 


v^^, 5 ,l) are not collinear and the point is in the convex hull 

of them. By Proposition |9] and Proposition [51 Tj is bounded at Pi, P 2 
with bound C„^e||0||L”2-^^ for any e G (0,1) and at 1) with bound 
C„||0||L<»2^i^ for some fixed 5 < 1/8. Applying Theorem 7.2.2 in |[T4ll we 
obtain that 


pi.i ’ Pi,2’ qi ■ 


'■ pi.i ’ P2.2 ’ qi ■ 
1 11 


such that Pi, P 2 and 


||r;(/,g)||zT<C„,,J|f2||i~2-2£0||/||zA,||g||L^^^ 
for some constant Eq depending on pi,p 2 ,p. 


□ 


As an application of Theorem[T]we derive the boundedness of the Calderon 
commutator in the full range of exponents 1 < pi, 7?2 < °°, a fact proved in 
ffl . The Calderon commutator is defined in |[T| as 

C [a, f) (x) = p.v. ^ 2 ^^ fiy)dy, 
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where a is the derivative of A. It is a well known faet [|3 that this operator 
ean be written as 

p.v. / / K{x-y,x-z)f{y)a{z)dydz 
•/M •/M. 

with^(}^,z) = where e(t) = 1 if t > 0 ande(t) = 0 

if t < 0. K{y,z) is odd and homogeneous of degree —2 whose restrietion on 
is It is easy to eheek that Q. is odd, bounded and thus it satisfies 

the hypothesis of Theorem [U 

Corollary 12. Given 1 < />i,P 2 < °° with Ijp = 1/p\ + \/p 2 there is a 
constant C such that 

\\C{aJ)\\LP <C\\a\\LPi\\f\\iP2 
is valid for all functions f and a on the line. 

1. Boundedness of Tq, when Q. g with 2<q<oo 

Let TZ be the rhombus of all points (^5 with 1 < pi,p 2 <°° and 
Ijp = l/pi-\-\/p 2 . We let B be the set of all points sueh that 

either pi or p 2 are equal to 1 or oo, i.e. B is the boundary of TZ. 

Theorem 13. Given any dimension n>\, there is a constant Cn and there 
exists a neighborhood S of the point 1) in 7Z, whose size is at least 
Cn{q')~^, such that ifQ. lies in with 2 < q <oo^ then 

IITdIIl/’i xLP2^lp < °° 

Proof In Proposition [5] we showed that WTjWiiy^ii^iy < C\\Q.\\iq2^^^ with 
5 ~ A- Consider the point 1). Find two other points ( —, ) and 

in the interior of 7Z sueh that these three points are not eolinear. 
Then if lies in the open eonvex hull of these three points, pre- 

eisely, if = ^fii + j^.r ]2 + for / = 1,2, and ?7i +172 +173 = 1, then 
multilinear interpolation (Theorem 7.2.2 in ifTdIl ) yields that 

||7}ilL/^l xLP2^LP < C||a||w2f(2"(m+ri2)-5T]3). 

Moreover, if 2n{rii + 172 ) - 5ri3 < 0, then Zj>o llTjUiPixm^tp < C||f 2 ||L 9 . 

m' if) are elose and let 771 = 772 = 77 , we roughly 

have Anr\ — 5(1 — 277 ) < 0, from whieh we get 77 < yyyg- In partieular, all 
points P = (^, i) in the set 

|p= (l-/‘)(^,^,l)+^5: 0<7< 5/16n, BeB^ 
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are contained in the claimed neighborhood, whose size is comparable to 

□ 

Remark 1. Theorem [13] is sharp in the following sense. Let A = ( 5 , 5 , 1 ) 
and 50 = (1,1,2). By Theorem [T3l the smallest p such that Hes 

in S satisfies 

1 o 25 25, , 5 

— — 2 --1“ (1-) — 1 H-1 

p \6n \6n 8 n 

from which | ~ 1 = ~ ^ - For the case n= 1, by the example in ifTTl . we 

have the requirement 2 + 2 < 2, which implies that ^ — 1 < ^. 

We end this paper by stating two related open problems: 

(a) Given Q. G with 2<q < 00 ^ find the full range of pi,p 2 ,p 

such that Tfi maps LP^ x LP^ —)■ LP . 

(b) Is Tq, bounded when G for q <21 
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